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METHODS FOR SOLVING THE VISCOELASTICITY EQUATIONS FOR CYLINDER
AND SPHERE PROBLEMS

This report describes techniques used to solve the field equaticas of
dynamic viscoelasticity in two geometries, two viscoelastic models, and & dozen
different situations of interest. This information is needed to study acoustic
scattering from sound-absorbing structures of cylindrical and spherical shapes,
which are cases presently under study by the author. This report sets up most
of the theoretical viscoelasticity foundations needed to deal with the other
sound scattering problems under study.

This work is continuing and it was done as part of an NSWC project entitled
"Acoustical Properties of Ordnance Materials", Task No. MAT-03L-000/ZR00-001-010,
Problem 127, which deals with acoustic scattering from objects covered with

viscoelastic materials. This is a progress report describing work done during
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I. INTRODUCTION The basic viscoelastic models.

The deformation of a viscoelastic solid under any kind of external loads is
usually studied by means of viscoelastic models. Two basic models commonly used
are associated with the names of Kelvin‘-Voigtz and Maxwell’. In the Kelvin-

Voigt model, the elastic and viscous properties of each material point (or par-

ticle) of the body, which can be respectively represented by a spring and a dash-
pot, are assumed connected in parallel. In the Maxwell model they are assumed
connected in series. We reyeat that this description applies at each point in
the viscoelastic solid and it is as if the body contained a continuous distri-
bution of damped oscillators, (viz, elementary mass-spring-dashpot systems) one
at each one of its materisl points. As if it were not clear enough already, the
entire "Kelvin-Voigt solid’ can not be replaced by ONE spring connected in paral-
lel with ONE dashpot. This simplistic view of a deformable solid as a single
particle, may be useful in some other elementary context such as that used when
cne treats e body as a particle, but it is of no use in viscoelastizity. Other-
wise viscoelasticity could not be viewed as a field-theory capable of describing
stress and displacement fields at each point in a8 body, since by thet oversimpli-
fication, tihe body has been reduced to a particle. We emphasize this rather
trivial, but quickly forgotten point, because it is common to find authors who
try to use, say, the "Kelvin model" as a single spring in parallel with a single
dashpot, only to find that the model is "no-good" and that they must go to "more-
degrees-of-freedom systems", such as three "Kelvin-models" in series, or other
similar configurations, to obtain meaningful results. It is clear that this ap-
proach does not give the Kelvin medel, as it truly is, even a chanrce to Work".
These authors have replaced the continuous field-equations of viscoelastieity“.
by a set of three ordinery second-order differential equations of the simple

! Willian Thomson (Lord Kelvin), b. at Belfa.., .92 ; d. near Glasgow, 1907.
Professor at Glascow Univ, 18L6-1889. Buried at Westminster Abbey, London
(near Newton's tomb).

Woldemur Voigt, b. at Leipsig 1850; d. at Gottingen 1919. Professor of
Mechanics at Cottingen Univ, Germany.

} James C. Maxwell, b. Edinburgh, 1831; d. Cambridge, 1879. Professor of
Physics at King's Ccllege and at Cambridge Univ, 1860-1879. Founder of the
Cavendish Lab at Cambridge.

ie, a set of three scalar partial differential equations hcpelessly coupled
and non-linear, governing the displacement-field in the body, which can be
linearized for small deformations and small deformaticn~gradients, and the
"linear" theory of viscoelasticity then results. These equations are called
the liavier equations of viscoelasti-ity.
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damped-oscillator type. This replacement is, in no way, equivalent to solving the
field-equations of Navier.

The basic point of the continuum field-theory approach to viscoelasticity is
that the model assumptions, that the spring and dashpot are connected in series
or in parallel at each point in the body, are immediately reflected in the fact
that the field-equations resulting from either one of those models turn out to be

different. To fix the ideas we now give the linearized form of the field-equations

for both these models.

1) Relvin-Voigt Model (parallel):

2+

¥ 9 2+ xe+ue )‘v+uv 3] > 1 3u
1+~ = v u+ 12— | TF Q) ==

[ Ve at] ( " xe"'ue it C: atz

e

11) Maxwell Model (series):

A+ 2+
1 3 2> e e\l FT .1 33 ul 30 g2
[“’za ac] [v‘”( b ) V- ¥ atz] 28 | ¢

]
2 2 + 2 2 VY
i@ -5 L L s a8 8-
C. ot Ca at Ca

Here 0 1is the materisl density, A , U are the elastic Lamé constants,

U is the vector-displacement field, and €A % (or a, B in the Maxvell model)

are the viscosity coefficients. As given agovef in differential operator form,
these equations hold in any coordinate system. These are the Navier equations one
must solve in the viscoelastic body. It is possible to derive eqs. (1) and (ii)
starting from the basic i{dea that the spring and dashpot at each material point

are connected either in parallel or in series respectively. Once the displacement
field components are found by solving (i) or (ii) vith suitable boundary conditions,
one can then {ind the stresses from thex,

In the absence of viscosity (ie, A =0, u =0 for the Kelvin model or
a =0, B=0 for the Maxwell model) both field es‘\;uations (1) and (ii) given above
reduce to,
i) The Field equations of linear dynanic elasticity:

A +u
92; ...(eu .._".) 6(’6.'{{).L 3
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since now there are only springs and no dashpots at each material point. The
scalar components of this vector equation are the Navier equations of elasticity
in the absence of body-forces as found by Navier® for the elastic body. Equations
(1) and (ii) are also called the Navier equations (of viscoelasticity) by exten-
sion, since Navier never worked with viscoelastic solids.

In most materials of interest, the "constants" Ae’ My and the "coefficients"
>‘v’ uv are really not constants, but frequency~dependent parameters. Thus, few
materials are completely describable by the Kelvin or the Maxwell mcdels in the
continuum sense of egs. (i) and (ii). The material behavior of viscoelastic sub-
stances tends to follow one or the other model in different regions of the para-
meters invclved, say, frequency among others. This means that in general, these
models of field-equations (i) and (i) are quite "good". Rubbers at low frequen-
cies are known to be well descTibed by the Kelvin medel (i). Pulse-tube measure-
ments exploit this factual observation. Since these models are not perfect, re-
searchers in this field have proposed more complicated models.

It is not hard to see that various Maxwell elements in series at each point
in the body have the properties of a single Maxwell element with equivalent spring

n

and dashpot constants given by l/keq - l/ki aud 1./!1eq 'Z llni
- =]
respectively. Various Kelvin elements in parallel at each point in the body have

the properties of a single Kelvin element Vith keq ": k, aud Neq” ; ny.
- -

On the other hand, Kelvin elements in series, or Maxwell alexments in parallel,
have mare complicated properties. In their desire to gereralize the basic models
(1) and (ii), researchers have invented the so called "standard visccelastic

medel". It consists of a Maxwell element in parallel with a Kelvin element at

each polint in the bedy. The linearized field equations vhich result in this model
when two springs end tvc dashpots ere connected as described above Bust be very
complicated and rare, since I can not find one single reflerence to thets, I wvas
able to derive the particular subcase which results vhen the tvo dashpots are
described by one single viscous constant n and both aprings by the seme two
elastic constants le and Mo The resulting field equations in this still very

$ ¢. L. Navier, (1827) Mémoire sur les lois de l'equilibre et du couvement des
curps sclides élastiques. Né&z. Acad. Sci. Paris 7.
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general case are,

u
2+ __e ] .
V) ug [1‘ - 6:;1:2} Vu + [Xe tuem3 % LURRS

172
' 2o +2 )367’-3)-9: +ut -a-{vzh-l-"’("?"ﬁ)}'
+c13t e 3 VYe u e 23t 3
L d
->
- pyg
vhere Gt . 1s the Kronecker delta equal to one (zero) for t, = t, {or t; # t,).
1% 1 2 1 2

Further t, (or t2) equal n/ue. For ¢, =0 andt, = n/u_ (here n = uv), eqs.

(iv) reduce to the Kelvin model equations (i). When t. = t, = n/u_ (which amounts
to setting 28 = /nand -3a = 1/n), equations (iv) re&uce fo the Maxwell model
equations i) with 3a + 28 = 0. The quantities t, and t, are the retardation or
relaxation times of the Kelvin and Maxwell models respec%ively. The constitutive
(ie, stress-strain) relations of this viscoelastic model are also given in ref (6).
I know of no viscoelastic boundary-value-problem that has ever been analytically
solved using this model, which many agree is more realistic than (i) or (ii),

since it can describe wider material behaviors and a wider variety of materials.
Since the "standard viscoelastic model" is so hard to handle, we must realistically
conclude that all analytical viscoelastic problems we are bound to see solved in
the near future will be based on either the Kelvin or the Maxwell models of field
equations (i) or (ii) respectively.

Qccasionelly ve find a reference in the literature vhich contains e very
complicated network such as a dozen "Maxwvell elements" in parailel. Such a come
plicated network {mmediately implies that this is not a continuum field-theory
approach, but rather that the body has been replaced by twelve coupled damped-
oseiilators. Work of this nature happens to be mostly experimental, chemical, and
containing little mathematical analysis. These complicated networks are basically
intended as pictorial descriptionu without much physico-mathemstical discussion
of the response of the tvelve coupled-oscillators, which, per se, is far from
being 8 trivial problen. Scmetimes one comes &eross an entire textbook dealing
with vdaricus aspects of viscoelasticity without a single reference to the contin-
wum approach, or the field-equations for the visceelastic zmodels. This old fashe
ioned tendency is cut-deted today. Mechanics of deformable media has become more

ighly =athematized nov-a~days, than ever before.
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II. SOLUTION OF THE FIELD EQUATICNS. (Tables 1 & 2)

We will now present a way to solve the field-equations of linear dynamic
viscoelasticity (i) and (ii). The technique we will follow is common in other
field-theories (ie, electro-dynemics) but we believe it is novel in viscoelastjcity.
Et consi;&s af intrgducing scalar and vector potentials ¢ and Y such that u =
Ve + T x Yand V+ ¢ =0, By splitting the displacement field u into irrotation-
al and solencidal parts in this fashion, it turns out that the field equations of
each model (i) or (ii) are automatically satisfied provided that the scalar and
vector potentials satisfy certain scalar and vector telegraph-~type equations.

The vector gotenqgal has three scalar components, bubt since the solenoidal gauge
condition * ¥ = 0 must be satisfied, only two of the three scalar functions
are independent. Those two (Y and X where ¥ is not [$|) together with the scalar
potential ¢, form the three independent scalar potentials that can be used to

solve the problem. If these three independent scalar potentials satisfy three
scalar teiegrsph-type equations then it can be shown that the field equations are
automatically satisfied.

It is then possible to express all the stress and displacement components in
terms of these independent potentials, which are determined first by solving the
telegraph-type equeations they must satisfy. In this {ashion ve can deteruire all
the stresses and displacements in the body needed to completely solve the problenm.

To discuss these sclutions for the Kelvin-Voigt or Maxwvell solids we have
constructed two charts, (Tables 1 and 2). Table 1 desls with these viscoelastic
zodels for the gereral case cof arbitrary time-dependence. Table 2 covers the im-
portant case of hartoniec time-dependence of the form exp (-iwt). The coordinate
systems covered {n those tables sare the cylindricel and the sgherical., The
cylindrical systesm is studied in general in columns B and € Por the Kelvin eovr
Maxwell zcdels respectively. It {s alsc studied in the (z-independent) piane-
sirain subcase, which 13 applicable %o infinitely long cylinders, in columng D and
2, for the Kelvin and Maxwell models, respectively. The spherical systes is alsc
presented in full gemerality in column F for the Kelvin model. It is alse given
in column G for the exi-syemetric case vithout azimuthkal dependence &, again for
the Xelvin model. The Maxwell model is not covered for spherical coordinates in
these tables, The basic result of these tables, particularly Table 2, for har-
zonic tize-~dependence, s that if ve introduce independent sceler potentials
vhich satisly the Holmholtz's equations with comxplex propagetion constants given
in itex {10), then the field eguations given in items {7) are automatically satis-
fied Tor each of the ¢ases considered. Furthermore, the displacenent and stress-
field components are Sound from the prtentisls by the reisilicns in items {&) and
() respoctively. MNotice thet the complex propagation comnstants given in item
{10) are related to the elastic and viscous constants ¢f the viscueliastic zmaterial
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€) A CALE OF DOME INTEREST, WHICH REDULES THE TwO VISCOUS CONSTAN




T - E
s;% + &{2 %23 -wE-¥ na (V2 %) - THESE RELATIONS ARE FOUND BY SUBSTITUTING EQS. 4) WTO EQ8. 3).
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THIS CAN BE OPENED UP INTO COMPONENTS BY MEANS OF (Me s fio ge][v*ur Ug | 21%}1«]* ;1..*«.:,(1,.14,)%;;”-9 s
T [0, - % - 3R] 6T Y- 2GR +[ V] & T (30t 28
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M (). THESE TWO FORMS () AND i) ARE EQUIVALENT, VEGIVEN IN (4.
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RO N £0S G neesE aRE €26, (5) WiTh A= Ul AnL €y ASGIVEN INEOS (&) .
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+08+ 2 2y _Ue ., & U] o[+ + J,: = 2
eripe bl - L %f‘&(zpﬁ * TR A S AT N
-l ¥ + -2 + B ’
Ll(urap+Z) Tl - 2P 2P 3¢ @) [Ar2fesGar2p) ] VOO0 - [+ o] Vn (Fx0) = °3&
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T (v Ao 2 T+ Z(I‘"I‘"%e)[%%(® +BeCW) - 3a(r vaw]
ORI SULEIOR D (C1 83 DG S v]

Tog= (o o ) 9% + 2 i BCh B 58 )0 T ) VAV
t" =0Q t,.'-o

Zas (e P B 2 Feit B (@3 WD} - Bg(WAW)] -
ALTHOUSH Uy = -

g§ IT 1S NOT CONVENRIENT TO EXPRESS NEITHER
THESE RELATIONS NO
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9/10



TABLE 2@ FQDATIONS OF LINEAR DYNAMIC VISCOELASTICITY IN CY: NDRI_AL AND SPHERICAL wo;zm
. ——
Y b I NG e AT it ek . N . o ~ ] Gy
S TRAL T e TN LN By —
. -, L. RIS N T N " " — ———t
4V LATEON PO e TRALCY ‘-ui—‘%ﬁa.' 1) bl b o D N e G, e b r_‘:k.' ')—&
BIE
NO
¢ 3he+2Me ~tw (I 2] € 4y = Shes2u 2 - N
ke = [ ﬁe te o] L1 —‘M(MQP) [w - MU“#-?.P)]G&& q:;«
- AV
Tia= BULK STRESS o €y ~ € tap=Gyr 282 DLATATION . &y = BUK STRESS | S0 D w"™T10N &, 3.8 »\is200s covemef ase
3o, £LTUT VE RELATIINS & L VI T T ITUVE Bee st i :
KERE K -0, 5=¥2, Pxle-iwdy, Q=lg-{why, HERLE, |77HE FF7em menoio, s dody | Qasiope, S
. . . .. .
e‘}i =\,{e_w,1u)5;&- €a t+ Z(Iue-muv)e;& & ’(‘*H;:f.aﬁ)““s“'eﬁk’?‘f““i 1 + N, WHERE -8
. T,
HERE, X4, Mq = SLASTIC (LAME) CONSTANTS, N, = - uz‘l 2 [w‘(sc\wp) (2B I + 28 - w/zp/]g A 4
Ly, ‘Up= VISCOUS CONSTANTS. SR wheaps e
—
3) STRAN-DISPLACE M T RE_ATIVUNS i,"“k ARE 3 ¢l
. . . TWE L c A
S L e}%« oo el 26 Ptk 2enm B L 26t W e e | Sn
-
) DISFUACEMENT o NDERUANUENT - L 7o M T AL Ko  ATIONS 4) D
e F(@r3R) «nFL Wi, +(@xdxE,] OR N COMPGONENT FORM,
2 2 .
m‘-ﬁ(wgg).»_'gzg% o Ve =L+ ) - U= 2(pr §E) e G W
HERE, @ @(r,0,2) e w0t w.w(r.e,z)e-w . rax(reme P, Er%.é'%ga+§'g_“‘ OR
e
5) STREN ¢ S PUh EVENT Al ATION SILRE. D LR AL LMENT KECATIONS ) -
. i . LWl &n
Ty x e ©h)850 « 2(pe “f‘v;i\s oenes L S (SRR (A6 ety T oy .
5 L S .. n» » . X
2€; Wiy Mg ARE QIVEN IN 3)AND, A= “?“se“ %gt Vu WHERE N, usg,wcu N 2) . 26, 7 Wi el ARE GIVEN N AND
n;~ TLOTDMMAS N SURND LEL T )YE \‘o\Af\ ant nemovarnga A s Bf,_ A T A T,
VN D _ A __ i
) B S T V(UL P - TRt R _ATISNGD o' 8T
L9t R ;
Cre 5«\\'9'?#) o 8?&“3‘}) * a. . a.gr; %r,,.«se\\? AN T €
. 'Y 3
Coon(hifgn s L ¥R(o+ B) -0 B3 38 EBh¥R b SRR E 3]t e - v ] .
at )
6= Falo-B) el 3 ER - RIS 4B ko) J
3 o, [ (] 3 . . 2
20 2 (CoRW) W I - F % 58 2 TR - v) 8 (0
L] . ) LRI K‘ 3. 3 ‘, . FYNY 3 i 2
2e".2593‘l((9*§'¥)”£33%.7}!§&‘ -2 “‘ * [agﬁ'vvl‘?éuaq(v z). .e
M AN ! L 0E L oAy ¥ \ el 1 3% 1 a1t 3
2600 FiglB(oe PN - R - B ER) . 2 SM%SJ <5l B WA -,
. e me—
N Fie 2 BACATIONG ! 9 By £ uATIONN P
-y - ) A is 1} =i ‘f:‘.x:-n .
PRI v L1 G [1_' WIV(@.Q) «wifl 20 WHERE , DY :% \Vjﬁc&n‘d L 4) ':‘%.V l,@(i‘ ). :&} ’g:ua

K PWY/(Me-1why) . TS EQ.CAN BE DPENEDUD By MEANS OH
VTR e (T e AT (V- g shil)fe s (PPuy)

L)) < *
ST R T A
TUE GRADIENT OPERATOR & ruE DILATATION & AKE GIVEN ABOVE.

A3

e ‘ (] )
L. -Vs\Vnﬂ)'[zw;g-;‘.%’%]V(Q-ﬁ) + 38 =0
NOYE ¢ TP U o« B(V ) - Qu(¥ai).

) »fr‘fy; Db SRR AT NTIAL AR AT AN
T e A )T e '\’.(f‘q*“ﬂ’,“v)l.h(@'ﬁ) . %] g‘;(*’“‘)] :
Taam(le i )T ¢ e - iotn) [(ady + +k 0+ 1) -1 G (VY
Tat (a- i)V + 2¢0-iwp) [0 ) w2 3Y ).
Tone (Mo~ iopi)[ 3 Joz (0o R) « - I P
Taahe-wopn)[2 Pgoe gl e o wf 2L ]
z,,.(,g.wr')(am{-,-(eo%f)ym;{ -3 - L340

¥y,

ar

THESY ARKE QS %) Wit av @« niyp and Ly MGl e

O N couv:mm FOaM,
(O -t ARV B -
(vfue- Yo bPy)- ¥ B
NUERE Vadl o (lqe g 2R3}
Moy Fe e 2 - W)
@) (!- N)[ hﬁ& 65,0 u) - ﬁq@- wy e
. § i) ﬁc [1e \(:’-"\‘3\‘)]

A«-%tf % angmw N E).

«Wugr0,

8% ,g-%_ Lt WL ATy
Cor M0V s ape]Bior it ol FRCE S PR
e {0 o+ (e bR W) e
ORLRIN LR TR RO L ) RN

Zoas M [ i (00 310 9 3 - W B0
Tamrpo 2 s {3oe P -t 4 - Hdh - b $AY)
T M2 o) o nt 3 - 9 54 ]

AR &3 WEF- a2 i

MoK R SN et e

_t*-

AT, O

Q) BELNAL, T S U@S TOR Tok 5 ALAR L ohe”

VT eniIpeo .

Sl VOTEST AL
G (Vrax2IP o ¢ VP ao

e ¥ Al
b T RS TS AN B W RS CANTE T WL T L T T

Ana ie
'w“ <

2 )

WS} N

(viaale v} s Wu,v0,
cWa e'\\su&‘ »3#;‘5%fg5z«: m]
(q,,..“ %)

"\] §§ (40000~ Catnt

. 4
Mo i

AP0 @ W) - T N a 28 s ‘/'f) ‘

DA

O Wreadlge0  , (VIea]IP w0 o

t‘ Peo

R Iz

&
[
g
|

s g £ £

d

.6-
‘.-

3

.




Bl ND  SPHERIC

~ T "y N ' NS - el . ~
AL COORDINATE L TIME - DEPENDENCE THE FORM ¢ Crey HARMONIC ) N SIX CALES
-
) " EEN . N b . i | . N o
L N A, ' 0
- i
e SRR Sl T B LN < e el
e e i St Vel 1, L0 AND g— CANY VARIABLE J =2 O 1T w8 Abrnn 08 o 00 7 300 WEINITELY LONG ~Yuil ki, mERE
E ) NO & DECLNDLA n, mNCE e 4 (n @) 2ot Anp d= Ugury@) e "W N TR DF 2D G Ly, W 1T AMOLUNTS TO mAVH
12p)] €4 PR @ AT L 00, W0 L P E i e@Ye” WSt N TERMS OF The NDEVENCENT BOTENTIALG o FLANT- STRAN AMOY
¢ SALNE GrZnBlent L a0, Xe fr@ St \QTE THAT BY EQS. B M B) iy e-2't V2L . Thli, PLANE-ETRA N
By AR @ NSIO0E JONSTU LR BNE LTUIVLNT AT OU 00 ANY AF TREST 3 AUINT DEFAITIONG row L Y Eu€,e=0
-
S T »\1'|\Z'Nl' L AN
Qr-dle , ( N P LR YT 6 W, (Me n\\ll-lq) €prp <, ot e e g - M,
WHERE 4 “aa ¢ ["“iu"\'jA v Q(Ft_‘-w“u") Coo T - Mo teSe “’-Uuﬁee} + Ny
2 & = BETRY U N (&g = EYe) Sos = M 1A A e N . 2Q Z,.=0
3‘03.—&)112)]8.4& ta [’Ae t VJ ¢ ¢ (;‘ ) 24 [ ) [} cd& . 2 +
\ K Tro = (He-{wWhy] 2€ g (A= Cqrtige) teg= MaM 2€ 5 . (A=€,+€4)
ML M, AR BUEN BEL YW OIN 8).
o
i'nut At AY SRS LT ST AR ENT MU LATIONGD
THE LAME An I v . . 3 2 . s THELE ARE THE SAME
o - 4o [~ "am g1 Cre SR 0 fae LR B 0 feacbagdeode 6, 10, w0, Hgs0. { L AL N TABLE 1
-~ . - . - -
a4y N S YL SR RV N T L LY AL YOI
U Ty rni Vs, Y N LOMPONENT SORM,
¥g a 2
zl,-_,;,.};?g%_’é N an'_r%-»(:g} . Uy = O
- - P ) S . k3 - N . o N * §
QR IN TERMS OF p 4y, (SINCE KX w -V%X = 4,7 , .(,.':.3%*3},%5). Yoz 13- 3% . uy.mo,
N
Ty T S N LT LA T v ] MY b . Sl e AT NS
Crr [ e- oAyl . e‘("'_ PR \u, Cep® My agy o L ;r'l'.. D Ny R Taa & Myted
: y) ?“'(“"‘“’A"ja*"‘\Iu"““)u")[l‘%%" g;,]. e (dwlla, tn‘m"k*‘)"“cl%‘\%*u'r]}'N‘ * Ceo» Car
Rt ALE GINGN N D) AND . 3., D - I, b g . U [T N :
R R R B R D N
- - _
o2 mA N - et G N POTENTAL RE ATt
» 9% L wy (e v 2ty
Yre a:f cnge(H35) IR AR ST
¥ Vin] . . | TO WAVE THESE N
oo n 1 R 332 d BERR) TERMS OF @ & ¥y qoet LALLMy 2020
24 ) " 3 LAV LA ~ )
EEOR B 58 WE REPLACE P 2 AR N1
l v
BY V. @, . . SR ¢ AN, s
2&».? - Sfﬁ ) K‘(gfg &3% "y Bl‘) sRedT ‘l)ﬂ{ r") N \ I ?s‘r‘. "F‘KS“ :)
L €24 “ Coa "€ = O Cop * gy = G pg 8O
-
J(\EE )
ngh it —
oot U il AN AN I SRR R A YO
\J N 9 . . atig ) 3gh - v
e ﬁ)-%ﬁ}.%n- .;} (u., SRITAN T hw]'r‘t':“"““" 'hy 5.3‘ P oo W, Lg [ tag w{lestig) 2y )13‘3 . k),
-

viu,lev i ewWu, o,

s s -& "‘"'-‘I“!“‘L’! n}

HERET B

‘ %)l} . N,
_:.Nk(%sé}lf oK
A

ORI

e 34 -.v’__g_’gg_)_}

TN
a

S T Iy -
P 0 Ve ebhchin
RQTE K.; - ?U‘./(rl.-w'l')
EORM 4} 1§ NOT AS VSEFUL.

LY A R TR

Ty - {qmwalp) i O'gq“ou.‘)fl’)[

a5 T vl tag ML

A A
i)
Gom - (A wdolwle »:z,'r.ma;-o)[é;g‘. pBE-wd 14 )

O CPRE Y W LT
Q‘- 2“ Y]
T ko= wonod(2 B {8) - w2 {38 - ¥ 33 - 8V)]

TO HAVE THEME W TERME OF 4 W, WE NENAE wiz oy ), .

IR Vet s

9,‘ 33 af‘o-[l. r‘-uil.-h.)]p;%-po' Uy 2O

e —

Ho oo ..f\ ERTRY)

) - ‘Qu, &ﬂ u’i-u‘) S X
Vi ~#ig e a\.. 29 %
* Mle s e, W 173 L A T '
TS L G R TEE Y SN
FORM i) 1 ROY AS UBKEFUL,
R
BY ST b g Iy NN ONT e Ve R T A B E (AT s

ruV\

| SENCRSTR
ERTNRWNPEINLY: RES RN VIS
)
|
i
{

oy
& Y @,
L letiw ‘.'“[ R',,g

T My {FAeniv] N, Cer O

.S %
- r\'&'g‘}a

-~
Cea =y

s (] wHul
Tog = ety [» Y- W (8- ¥ "

.. - PN
Ny~ D8 Mhen ot o InedP)  aetidcaneop win)
' ¥ 1'-\._}! L— A ;\-_{(‘

M - w - lgp f* {10 HAVE THESE N TURMS o vmow

L EORETLACE wE Y e e AN
ey T A T e n -
O MBoaon T Els Boaratictes SOR LA AL AND Rt 1 oseit i BN fuaaton TR aon s i CALAN b T P SNt A T3
(02 e Y w0y, . 2sy 8 ) ety & e N T N O




N SiX Attt OF INTEREST, (SEE FEMARA 1) BELOW). |
. R LR ' R LA NA ]
- ———
) [ T TR B
LONG Wi B bk Toked o ) L o
ITAM LNTE 1O Ay . Nw Caa =l the) - ra(B2,r THe )| Eyy N D o AN
L6 .+ ANT-ETRAN ANQULTL TO A3y e D Wy
X . Tmol L FUARE-RTRA N TRAGER ] . 3 . . T SAVING 4.8
4 =SULK STREVS €4 " DLATATION e E_D: N
_—
.t IR e AT N . . )T s
— . Ca A D — e S0
("3 sofAL s ALY Y el v D He - "J“t')"-«a’ A =gy = G v € €pg = Vil = Uy OR.E N0l wey]
{ Eooa Lte - S LA - a-\,ue - k) € Top™ 2( U~ )t“ ﬁl Cog=[Ae 0 1]
&,, =0, 4 Lo = (e - AN + 2He - voHe ) bgg Ty 2{lUe-twl,)Eny C:Q’;:'*e“‘\""]‘
MLTT D) IL Lo=tle - fwdyMA +2 (He-wolig) Spg g™ 2(}& -t bn) € [tre“:"i‘“ wts]
"
VETRA 4 DL et b AT NG S hez R FUe .
THECE ARE “HE SAME . . AN s
FAS N TARLE N Ve UM vaer R e gy Jredpters oy map Cor = 107 ons
. - i -
m . ,:v . ‘. o :_’,_,J! . ,\‘ ;\;. ¢ »i,Y’,QuT] \;l."r" ;' or &‘5} N SETRI ?x——"’\v".&\} . \.,..l cel
DM, - Tag . %y 2 KA gy
| LIRS UM R R AR O O R G Sl dr @)
i LA . Wi ) el e R ot M
dy 0. lrle; 3o dve]e B = R dsler ot Ui V)
t Al Al .. -
Mot tm il Al dY s s d TR st
.
Foon ot ENE R RN Yt LA
Taa® M A v . . - O VN
' had e e N, C‘d - [A.»',u).\ -J‘ \3 A v D My wuy) t\a . A=TCot ~ %,"'r . ' ! ﬂu, “w e, ‘|" ;:Q l;" _&\" L, i}‘g
N Eeam &ul =0 h " X { = LH'. wad oy
}0 TR [ . »: X (.‘w:}‘!e—'.d‘\g‘d
A= e .Jrrls%o ol g \':‘:l‘ 4 WHERE TWE ¢ ARE NIWAROVE N EQS. 3) N TERMS OF TE DISPLACEMENT  JOMPONENTS le:re_, Twe-cwa L
; v A
.
o o vy feet s Se_ Wt v N R «? s el
. o Y- N Al :
Tt dale ] enid ) v R er 8 03 P -nirg® . v] ARSI L
Cas® o e Lot « TN 2-.“-‘.‘? TN LY -w R A . n
W g asb }ngas ¥¥ TR ir \5% d P" 3“%‘ ‘[*’ Fane ‘33‘ lr‘aa S%J - .—.1 *&é top @ [i’, ‘A' .%\“?’3‘1
. - R 4 ady, ir,, ‘l_\
Ve L s €507 5 ¢ N 3F ey T+ B8 0 6 B8 - E0 G -9 33 -l Gl - it Y o4 v '"3“%5@ Gope b -
Loy SR
¥ "Rtval/ 2 a . 2 e Moo Ny S I SR T R LR ! N
Bt D e {;%3 - rSR R aka ol - WO W st ol - G A - AR - we W
by I TR B
<G v ava . “hpa® 3 only
CCret ;‘{"Z’Q Lh - ats skt \v‘ﬁa e t‘% e W v “c[s»‘é '.:x 36(@’ " é*\ N ¥ovde
e N v oAt oF Wiei 8iE BELL
Paat 3 ¥ B F R R [ e N B fERMS 2T ¢ s ¥
T i
3 R TR “‘.‘_"\ g N
eI - ) 4 ogeg . ra L Wt ab | Sy N oL v, @
:.zf‘“m) §2 + k. e0 Ve oefre ,;:V_‘-;)ty']@(*e‘&}..&:“ =0 WMLRE, Ku oyt N-.;ﬁ . \‘s;‘?( UIUARRERE Y
el odd - ,“,\!? . W lgnO Tiig CAN BE OPENED W2 Y MGANS oF, VA < 3 4, .:P W ;,37;3 Bl . aasuaveninia e, (@hue i, 3}*
3 - " > “eat Y PR
""’ RSt -\V U, - ,*' ‘ . - \%};.Q 'Y -ﬁgﬂ‘- S %é. ér e [V. - 'J'a SERCIRT A n" %“‘]f‘. ¢ WHEKE , R
Y L8 A wtt T W s due by ‘ »3 .- B Ly *
§a-v£s~ma« T R S L e "‘5"53 e B A
W) =Vt e[2 ';;s._::__‘%ﬂﬁ(o‘m «niil«o WHERE WY 15 AS ABOVE . L
FolM (o) R NG
g -
P&, »6 . 6% Oled A) BORARS . Neibrte N ety L BELAT ONG # Sty $F
- - . . * ) A . 3
(’ ;5\13 »> Coo® s Llp tnmi dals o .i\;i' uk\kg;[f_:n“)b g;\l”ﬁls ’K:g?ffw)] 8"- . ii.. n.‘.,h’]

RS e }]}~M.

Cop =0

whilkE ,

m.‘ %r‘" TR m‘pm ]

fugt =) g 2 wapef (e + (0 BV -

]G o ¥ Satha $N

(‘_'“- - \}.‘ 'H)A')K.“‘) L3 2","‘“"""{(%"? o_‘ﬂ}s@ ga [} rl";;t} i;‘xw‘sg(‘ v)) - “‘!(ﬁ)‘ 3‘(;1‘:::; %))]

e G- gy ok BN

00 \—-(?V’) bog. J._o 5;3‘ N g.(gé

oon (- iopaa{ A fataa KNP o 90 - N - 1908 - o W]

)]

t“"- [l.~ u,.:&«]}

L3N

%Wpt0

Trog = [Ma-rary]

¢ UP-o

DVTIrfle oD '

W TERME OF A ) o 3 1 AL REE B
A (n' RO ,: M . Sov{Me- u-h‘*e)i f‘ -}-”\vo g;‘ru))) oy {\s i ,,é q.,\g \..\3} :fa:'fk:}-“. !':l.(:
B ‘ SELE ABT a3 et sunnr TUTEE w0 Fe 0, T A0V e Neg tepre, AT R e 0T 0 s aty ST SN
-
KN O po,_ttann, TAN k an. dat Yl L OALAR AN Whe i FOTENT ALh g ANl g LI I N AR
E(vien)§ 0 SI(Peu)Pro b Ty =0 ~»<\z.~u.zv«

iz ]



NSWC/WOL/TR 76-20

S . L R N NTERGT
o - TADCE,
- - . AR “ﬁmm
K 3 w1y v “ . .
p i i, [N 'A.'. Lo vy Y ot , . . l *
it " o . LI L N e . e S B _l
3 ~ I AN L sy T e oA WTL T mAN NGy e, [ "‘7" S .- (SR P RO T
\ P LIS S SN WS s LRl Tale aMaONT L i LG A NI ORI O gl ok s dk ko LR E0) IR ) Ok RLE,
s Yy s N ) N e - coew hIM [ Yt e T - R E
4 WY S UUNO et Y AN U sl L ke DX Sl L THe i 1...'“-_‘2) 3 “A) = am & 5»(_.') = o e
3 WELDL e, o VO e e N RN B At Sl N T I Pyl e
¢ st e N : : . .
< Lo A Pl € = . -E
v Al A -1 = _-_.‘.‘:.. =
A - . B ..Iu; Ah D) e < ;}u) ©
. . L ‘ ) '—i“‘
. ORGR e N T O L Eept -,"-;;_ih' ALy )t D) 3‘\‘1‘t =.f«(1n>) ——i’l“#F = 3k(1-50f
L, 1 * s
. v, . . . ;
g PR PN ‘A . v, U e R . SR} LU 1. D) £ - E .
A SRE y o . . : o TPIIN T OWERSE T TN
4 ":31.[5- DAy e R 7Y Qo Cop=Voe - !
;. - o T e T o et A NS D USER L.
‘xtre'.‘e- LR VTN Soe e vl v N . ) ;
A
- : g N AR D LT CONL TN T
3 e .s 3 B -
DAL o "‘ = J \ . . ~ \ (7,,‘ e A »
; p A Cpp 2 1, v, pr o ke ato Wl .
0= N I L oy e e ,
4 * " i el ol R
. o
= ( N N u .
, é’ : N PR N e N DN, e lk tw
N N L Eowr DEF.NE ~
- AT e Y e Lo~ ¢ 4 v &0 Y sl e ~ . 2 -
celbw A M) A 1r 0 4 e
T AR R s 'Z‘.T;I“":u'/“)
: : Tenma B sl Tyl 1 2(ae
y 2 : -l «,u"F— T VIS A Tp
LA R g ca ks i B AUSE KEPLALNG A BY 4 [t THE PLANE-STRAIN
- 3 g - o - R <. - o~ T . .
148 Lt L N i . L ~E GET ThE YCANE = TeTws ERJATIONS, CONVERSELY,
L1 Wra 53 § e N LAGE TWE LY ST PLANE slHdrh BY E/Q1-0Y) AND
18 4 e, j SO M Rl ELT Ty, e we T THE UANT 2 TRAIN EQUATIONS.
]3[ : ;',:s. tloga

Lo S ST L
METATAR PXLaT) (UROEPHRRE 44

vooaf e . Lo
ey vt .
RSV g; Swi e Rg e

Y s M & : D
'-», ;‘ l *§al \b’)l. - v (’%"*'GQQ

: Y ‘3\v'§-; .’J‘)T - K§ \&,

1 W'hw PEE PELw TWAT 0 3 NAY N DENT O wAvE TEME

PR M 0 a3 ’ oy TN IRl A ATER LY T

SE L, &__i
O (@G w. - kg S F U AT

W] (e g ] o0 e =0
] N y 1.¢ \ ¥

CAETRE N S N 5"*‘3‘“ LT

: Y e LTS K

R 2 X R

e Qde s L Qe Bea0
LV fl;‘w sWrhiy)

— 3|

L3ty @ a9t Voaty
AR EE S L RN R

A. » o * $ o
Sty Ga(Pe ) [ i ﬂ"&‘ " .QE‘{Q r”a A %:““ "

N :i., .
SRR P RS L TR R r‘“tr“*ax" * oyvs nd ) &t

&

NoY 8 FORM J0) 0B NOT AF VEEEUL.

:

; ¥ ,
2N By d E - N Nyl T st aL AT oN

C -2y Vg wloa ,“‘lq, RN hi\\‘ &\"9‘) EP” 3}

. - A3 . H
A -(1.-«.'1.] o . 2(.?:*»:.)\-‘.)\\\1';35‘? .;,&,.}{v-gyvv})"‘g v}
H

Teae- [hevradif nig ‘n("h‘\Q}‘t}\‘{tSﬂ'%ﬂg)\@'B}\’ W nt %}

?“'0 . t("o .

To = [He- e (2 S i fsr oo fer ol - 2 §E ]

WE Wiy FRE RLLW TOAT T S RIT TONVENENY TORAVE Tl N

LA , . » » s o Ay k
srh B - I B e WOER NP fava B }eae
?‘Nr . % ] uh 1At
it Tl - e 10 v Bl - TR - B ER R

220 2We 401Gy .
Cogp 3§ g} e
e ATION 1o ALAR ety Wan 17§ T «,‘V"’o i‘\v(".O.Q)‘O‘

fir 0, 60 o ?“n R } e LA R ORC L L

LA AU Ly A OdPEE-LY ) N ‘\"""&
L ~-.H.¢€'\s.. ﬁ-i‘ck\. NG ARk LWL L NDRE FURITIOHRS ARD
Vil e PONLTIONS ARG FROASRT QKA D ThE SPFUENR ».A.. akS\-GL

TERGES I gk oy o+ T e T T ANOO RRITR v N

& L IR R L ) R TN N R R L o N YR
o L
s N O ME RS0 . D Qe v P ao & W Pe0

[NIVEVE BT TIE N I :;‘\ . ‘.;xi ‘!0;- ‘\“ . %\\‘X Yt,nk(‘)
Mo aL e A s aet Cwaihi s ot i

chsunt Yo %}_ et bRy ‘,0% “e
pag ke oo ;@} » el \“’0 L U
ANL8L AN WP e ,;',:g PR JEE N S W
uy: Seat 4 38 "‘ +[5Y l‘%g.‘ ) %{h, i' : <e

adiy JE e KRR )
- W e " Loty
Ra Y s et et SN u:-iﬁ\'-";{;}. W "5»‘“
e e e L Ta e T e h e T o
ch e Uit (RN R SRS N Lt

L
SEURTI Y

.
g - T - | T 0%, e




TP

. % ?3?—*%33(2 £ V";‘] *W(Vznm,

T L T T NS o Ty 7 \\Q"H 25“

260 32 (04 R) 6

% - Tk
e 2 e )iy 4 5K "2 T Bl B - IV (9 ea ®
et gglbon ) (B B ER) 2 LB ISR P (B b B

7 =-4;;"* CXUATIONS | 7y E1ELD ERUATIONS ¢ T LD,
TNl LY g . - . - 2, o - a ’&f-‘ . T d
R TR it N PR H““’ ']V(v 1) + kil =0 weere, [ vz;)w’uv&};ﬁtv(v'u)'%u)‘%},Lv‘wgi?(vm ful-gde] ofiped
OR IN COMPONENT FORM, v iaQarl g =0 [He~

Ki = W/ (He-1why) . Tws EQ.CAN BE DPENED UP BY MEANS OF (T*u, - Sy 1%¢]+V§-§~Wu,=0. « fle

2 o foty o uel 2) A 24, _ P > 2 4
v - [ty 1‘5 hb%ﬂxh"’(.v Uo %'%’%Lglte' (Vi) €, (v*u._"_g,%yér_]bxrég% +Wug=0), [V"u,]\v\/%% +W Uy =0, A-gj'
2.3 t 3 2 *

AND  Vis o e L v h ke - WHERE, \;  otpe s (ReoBeX2B39) 1 aenap e 2pia(3ue NOTS ¢
THE GRADIENT OPERATOR L THE DILATATION A ARE GIVEN ABOVE, Ha(Sa+2p - 1wy y W= —-—&w%—“ﬁl —_—=
’ FORM

L (1_ )[ s 2fs S(0. %) - 6;({7,@,&&] E(é’o(ou)-mw.m
LLJ %{"&x(;’——-‘wz )]u. =0

A= 4 15 SVEN N B),

.- - {wly
- Fx0 w[zf&«._@_]v(eun«au =0
NOTE : V2 = DT - M (Tx).

h) CTREDY - NDEPENIENT POTe NTIAL RELAT ON:- ¢ B rTRELE - NDEPLENT TUTENT AL REATIONS ¢ B) $TRES
T B —
Tre= (Ra-0Ry) T30 + 2(pe - wobt) [0+ 3) + 43 \“%)] e My 20V s 2pa[Fui0r32) + A RGBT} + N To= -1
s . 2 2 . :
Tpg (L~ L) V@ + 2 (Me- i Hy) (33'5-‘?3?)&@"%%)‘& ROR zee{aTe s 2pfCh B FhKe ) R RGBNE oN gL
1
. - N . 2 X+ 7
T (e (@A) V0 + 2(Re-iopn) [ Fu(0+ §E) ++23¥ ] Tee= M 200 + e[ G0 T @R} o N -
-
; - K2 2 32 o 3t 2 33y 2
Zoam (he~ il [2 Gra (P F) + A - wE L& T n.-M.m(*a%.(w*#)«&&E Kw%‘s]
s 2 T Nt > N - [
Ty = (e - r0p) 2 3«;—&*%‘9)»& W 2L fro'”«}“[lem Lor W% -t  TE- L k- hERY] *
- 2 Rz L b - - g } 3 3% M,
Lo =(ha wp)(2 25 3roe FO F -3 { T -5 - L3} % "‘\-‘"L‘m(“”%‘%)“‘ﬁ% Ml o an.,%@ Tre=
THESE ARE BQS ¥ wiTh a9 -3 and I, &3 Gl N 6Y. Ny TR (R 2 ) Tt 4 E) OB (S e 2R - ﬂﬁé.ﬁ} TO HAV
? ' o T8 4‘."“ i A JMare <3
SRR iﬁ_. " >
Q) Mg M) _TETY GRYH. FOR TaE YCALAR A Ve TR POTENT ALY N L T I R e W L N WL R A L S TN ¥ MELM
ODEenlp=0 . G (VeI e0 ¢ B k0 O Nrewflp 0, (Rl ma b FPwmo v (v
WHERE, Wl e WYCE oMy L G e e (e wonNY WeERE, Y. _»_);1 o g ipte da o an :;-44 e wb RE
S s -|§‘_',=s~w\ W e
n.;»-‘_'.%z&, Ne B | le d4e28g , cbo 4, Y . - Ny
v e y . Gl 498 by iy f w»u-@ Saeip bl ] W, (M (o
‘ I ¥ y m’* O R T JECER ‘t * ( 1 VERE
. - s 2 e
NOTE THRGE ARG HELMMOLTE'S GQS. WiTH JOMPLEX W'y, AND “)e "1 ” .. \\, SPekede . i cesilady. 2 EQU
T PR R Ll T4 NDE L N L A aH U TENY A S, O T 0 T AT S U L K TR S UL T TR L LI 1Y U T SRS T e
DIV u®)e=0 |, OIVI i I =0, nad(VierDLe0o J IV w20, wt {Wodiven , s (Wi}l =d NTRLTAR
P N B r'y .1 . = " IVE 9 -
WHERE W WYY L k) e @t G (e i) WHERE  nf AND g AR 4% SIVEN AROVE TN O, "."":“l‘:s‘
. TME oMT O el ok u.u XY MEUER TRAT Tuf VATERWAL
~ 1 A 4 © £ » N
AND MONQL G ARE AS GIVEN ABOVE IN 9). 19 RVBBER. INLY TMER WAl wl DERERD o o aoniE.
PSR
‘3; b o “':,\“ S Yol f Tt S N 3 5 2o Yy 4 N e el . A 1
P AN AN TWAT ML o NOILDAL L, LWL ) [ICYORVE RN, TY R R ST R 1 )\;Iz\) Cowtiim e Tel BQWGTION L@ "'.".i,".‘-‘::: - "-.E : . ":“:;(.“2;
'3 GIVEN By, P e Plwi) o U (Qeidea)) o (Runed, s Ngh) - Gni2 W W CYLINDRICAL COARD S ONLY. -39
HERER WP @, EY aND N, 0,20 AGE TWO BCALAR FUNCTIONG wwiti SATISEY BIALAR »ELMARTR'E €A%, 1) o) & e, wet Rl
LA, (A) WK COMPONENT . K'OHM (334 : allls)
. * £ iy 2 -
“T"f‘s‘ .Qék . hg.%&!a%,&{g \ Wy . g..}'.n:.{ B, o wl
WHICH RELATE TME TuiBR OV uRDRICAL SOPBOMENTE OF Thf VROTGH POTEAT (AL T ¥4 'wi Twd SCALAR FUNLTIaN- ¢ asd X PR AW |
BBSTITUTING D FROM BQALR) INTD R o Q@ ePa ) “ELDS THE DISPLACEMENT. NOEPERIENT POTUNTIAL KELAYIONS S0EN -t AES
ABOVE ' 4):  WOTE TAT P 18 NOT {91, IN THE AGLENCE OF VIBCOHITY Jia, MaRe0, v, GLASTIGTIY D BQ (47 AROVE D oF T
THE LOLENOWDAL SQLUTION OF THE VECTOR =LMnOLTE £4. NOW Witk & GfAL , RATQER “HAN COMPLER #AQCAGATMION A BCA
CONBTANT, HER(E, FOR VIBRAT.ONGS «ARMONICG 1y T1MG | DAMP N 15 A(,(Q\)NTtu COA BV SHIAND OF WOMBLLEL PROTAGATION ACCON
CONSTANTS ! € A} RELATED YO THE SLASTC Aun VIACCUS MATEQIAL CONSTANTS Y THE EARVULAS ABOVW N 9} SaOun
L LY

AND My Wilth tRAN B £\ R LG AR wAveE,

W, R ASSOCIATED Witk LORGITUOINAL OR DWATAT D4GAL vl b
“uat, Ty v gy o VAP,

184 ¥ NBRICAL COCADS. AG CAN CWELK “RAT, WI(Tey » B (T0%) and

——— i — s———— ————

12) DRUDARAD ¢
A) THE PASK RELULT OF ‘way wa..t: AN SWAT 1 W nr 3T LR ORGANTZED AS HANMWA Ap €, it THAT W WL INTHODAE WENPENDENT ICALAR DOTHA)
CATISFIED N EACH ONE (B I CASEL VONBIDEILY,, AND “WEN THE DISPLALEMI AT AAD Dlube s Fal COMPONGNTS ARE GVEN N TRRMS OF "W
PROBLEMS , AND WHHH 15 (OMMIMN N DT ubb s OPULIRESD (i@, ELECTR QUVANARL « ), & AUMELRTLY NOVEL N VISCOELADTCITY, anD
WiTH QLECTRODYNAML, 1L CRY ol G RIY N2TCA THE ANALOGY O Tl PREIT NATON N THIs M6 witi THAT OF LLECTROMAONLEY
B (Y15 EVIDENT THAT ALl o8 1 a.6% 2t Jrakt, Wi HELOVER TuE amd ki @t 1l OF DYNAMICAL CLARTCiTY | N Tul SHSENCE
Q) N LYUINOHIGAL COURDYL in tofng s - THE o 1. e tx (AN BE GULilY OBYARLD (a . wt Thf PUANE BIKAW BEMULTS  w (angn DAEY it B
G) IN Tl CASK OF MUANE -BTRAIN (68 L anE: LTHL ., s\ b OF ©) ABOVE ) WiITH ALNAL SYMMETRY ABOUT ThE 2.4m5, Jis e CUTANLD RO DDREY &Y .
€) A CASE OF HOME 'NTEREST Winen REDINE S TuE Two o SCOUS CONBTANTY TOONK (OCCuM S WelN "ol FLw WBLOMTY "8 2ERO O SLARLY 80O, “a & AM




M DILE) BY SETTING Uye O AND I [ANY VARIABLE ] # O, THEN THERE iS5 ONLY r-DEPENDENCE . (ie, U.®
30, THIS AMOUNTS TO HAVING  IAy+ 2Hy=0 (AELVIN-VOIBT) OR Ja+ 2p=0 (MAXWELL), $O THE FORMULAS THEN SIMPLIFY A LITTLE.

P e AL SO N N ) E
- SARNE . tig T e .. NPTV - - .« e by Jue  [okg +Qgelg (2P ~w) 1 3 3}
. . b Pt 5_:_.3- QT e =~ w h‘::)_‘, - v e o, -z P I“E\:O":P‘i«)‘) !5‘%"'(2‘“1-‘0 |
e 2Cuy - = ) R .
{ e 'h’lh")b‘ 't'?i‘:;'g‘;r;. fatlie 2 dutte (G EF MG R {(:i“ - 1“1‘1.":‘1‘ - ehglicB-wa) | U - K]igwO T
© B 211 Cuv2p - w v
. <
Sam C e, ie U b LIae
X Y ¢ 2 L] By r&.ﬁ'«‘h'.?%‘ Caz e o zide, Ue vz_;%"g_’, Q—;\ .K;-w-ﬂ‘-’-‘-——.
s r ot ues welte) sr TrSE Ty 3 TIF ™S Pre-iope
‘ '
. FAKM anl T NIOT 4D ULEFUL FORM <is 5 NOT AS USEFUL. 4e)
3
A G =Tt = AT C b SN TENT roTeRNT1AC RELATIONSDS 8)
' .- Y Ao 2 2
1! C=tlr ferio sl 78 v <G %?(JFA%H} N T
reLIXN : P re @ 1 2 1 N
53] { Baom Mii-Aardp +24a (¥ 235 - Wi B3 N 2
Ga= - (e-inde] e i Taa= M {-Aeri@} + Ny, Tae=O, Zer=O Te
! LA T - LY A .4 WHERE
Za= Zea =0 L Zeo = et [0 T () - 2 (FR-335 - R FV] J
o ae gt gy 2 L3 .L PL) PN =i S DE T -4 —wY
A tesle-ooniiz g -3 FE-+H-= )] PNy s 22 -"g‘:%) [« (3“"‘&)“,1“‘12%2“’2? /28) ] %
. . - @i g TO HAVE THESE IN TERMS OF @ aND Y,
TO HAVE THESE 8 TERMS OF Qi W, WE REPLACE 3L BY ¥, . 1”1 AL IY 12 REPLACE KEY. BY ) [
TH
—
) I N T20S T LA N TOS TUAAR AND 47 R VoTereliALS Dy bD e TET: D% SO S CALAK ¢ VELTOR POTENT Ay Lt ) &)
(T2 emid)p =0 . i, (Pt widy =0 L Ty =0 D(U? eI p=0 . () (viex) B =0 L TP-0 <
B R I R wie utnt sdacsaeanil/d | w
e -2 . . -t wit e Cofs 4 22/CL)
Y] o ifi""ﬁi s NTRL . 1“—92#“ y Weks N m){‘u"ww;-uua)«c: oo [2p(3av2p) - FIH/L }T‘a%[‘*‘(z’zﬁ" T
B - - - T - L~ v a
A RE e 6P (r @) = - €,V X(r0) = EuuI XL, HENCE (i) ABOVE . wh s (2p + a0 /DR & -
1S EQUI JALENT TO EITHER ALTERNATIVE FORM GiVEN IN 10). wE = 2, {12 _Cg_]

>, e SLTETS DR DN FL2 RDIEELZENT SUALAR STl ed Aot Qs LM LT AT AL, PO NIESENDENT SCALAR POTENTIALL ® 10,

(Ve nBe =0 i (T2emE )4y © H(VienrI)@=0 () (TrerZ) W, =0
WHERE K3, W}, M¢N, Cf . G, ART AS GIVEN ABOVE N 2). WHERE W' £ K! ARE AS GIVEN ABOVE IN @), SINCE Y= KiZ
JiY 15 EQUIVALENT TO ¢ Aot 2y =0 EQ. i) 1S EQUIVALENT To  -V2[(V%e v}P)X] =0, \

- 9 [0t 3] THE CONDITION Clc< C2 MEANS THE MATERIAL |6 RUBBER,
ONLY FOR G2« Cf wiLl K2 DEPEND ON Cl ALONE.

1) COLENOIBAL L JLONGN SF ve LTOR MO Z2S EQUATION I SLARE POLA= SOORCINATES S 17
T B UT o T oLLOWS TmAT GIVEN TO THE _EFT FOR GENERAL WYLINDCRICAL ©OIRDINATES BUT NOW WITHOUT THE =-DEPENDENCH T
WENCE , ONE CAN ALSO SHOW THAT THE SOLENOIDAL SCLUTION OF (V2+ ki) L =O , WHICH IS ALSO THE SOLUTION OF Tx(©x V)= =
=x2P , IS 6IVEN BY, - = = 2 A e ¥

P e Tx (T 